REALIZ ABILITY OF THE GROUP OF RATIONAL SELF-HOMOTOPY 

EQUIVALENCES 
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Abstract. For a 1-connected CW-complex X, let £(X) denote the group of homotopy classes 
of self- homotopy equivalences of X. The aim of this paper is to prove that, for every n £ N, 
there exists a 1-connected rational CW-complex X n such that £(X n ) = Z2 © • - • ©Z2. 

2™+!. times 

1. Introduction 

If X is a 1-connected CW-complex, let £(X) denote the set of homotopy classes of self- 
homotopy equivalences of X. It is well-known that S(X) is a group with respect to composition 
of homotopy classes. As pointed out by D. W. Khan [I], a basic problem about self-equivalences 
is the realizability of £(X), i.e., when for a given group G there exists a CW-complex X such 
that £(X) = G. 

In this paper we consider a particular problem asked by M. Arkowitz and G Lupton in pQ: let 
G be a finite group, is there a rational 1-connected CW-complex X such that £(X) = G. 
In this case the group G is said to be rationally realizable. 
Our main result says: 

Theorem. The groups Z 2 ■ ■ ■ ©Z 2 are rationally realizable for every n £ N. 

2 n + 1 . times 

We will obtain these result working on the theory elaborated by Sullivan [5] which asserts 
that the homotopy of 1-connected rational spaces is equivalent to the homotopy theory of 1- 
connected minimal cochain commutative algebras over the rationals (mccas, for short). Recall 
that there exists a reasonable concept of homotopy among cochain morphisms between two 
mccas, analogous in many respects to the topological notion of homotopy. 
Because of this equivalence we deduce that £(X) = £(AV,d), where (XV, d) is the mcca as- 
sociated with X (called the minimal Sullivan model of X) and where £(AV,d) denotes the 
group of self- homotopy equivalences of (AV, &). Therefore we can translate our problem to the 
following: let G be a finite group. Is there a mcca (AV, d) such that £(AV,d) = 67? 
Note that, in pQ, M. Arkowitz and G Lupton have given examples showing that Z 2 and Z 2 ©Z 2 
are rationally realizable. Recently and by using a technique radically different from the one 
used in [I], the author [2] showed that Z 2 © • • • ©Z 2 are rationally realizable for all n < 10. 

.times 
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2. The main result 

2.1. Notion of homotopy for mccas. Let (A(t,dt),d) be the free commutative graded al- 
gebra on the basis {t,dt} with | t \— 0, | dt and let d be the differential sending t !->■ di. 
Define augmentations: 

s ,s 1 :(A(t,dt),d)^Q by e (t) = 0, £l (t) = 1 

Definition 2.1. Two cochain morphisms ao,a\ : (AV, (?) — )■ (AW, 5) are homotopic if 

there is a cochain morphism $ : (AV, d) —> (AW, 8) <8> (A(£, (it), d) such that , i = 0, 1. if ere $ 
ca//ed a homotopy from a £o «i ■ 

Thereafter we will need the following lemma. 

Lemma 2.1. Let cto,a>i : (AV- n+1 ,d) — > (AW- n+1 ,5) be two cochain morphisms such that 
«o = ol\ on V- n . Assume that for every generator v G V n+1 we have: 

a (v) = ai(v) + d(y v ) 

where y v G (AW- n+1 ) n . Then ao and a.\ are homotopic. 

Proof. Define $ : (AV, d) -> (AV, d) g> (A(t, dt),d) by setting: 

$( w ) = ai(v) + %„)£ - (-l) |awl y„d£ and $ = a on V- n (2.1) 

It is clear that $ is a cochain algebra satisfying (id.Bo) o $ = a 1 , (id.ei) o $ = a □ 

2.2. The linear maps 6 n , n > 3. 

Definition 2.2. Let (AV, d) be a 1-connected mcca. For every n > 3, we define the linear map 
b n : V n -> fP+^AV^ 1-1 ) 6j/ settzno: 

b n (v n ) = [d(v n )\ (2.2) 

ifere [<9('u n )] denotes the cohomology class of d(v n ) G (AV- n ~ 1 ) n+1 . 

For every 1-connected mcca (AV, d), the linear map b n are natural. Namely if a : (AV, d) — > 
(AW, 5) is a cochain morphism between two 1-connected mccas, then the following diagram 
commutes for all n > 2: 

yn+i 5 n+1 V^ n+1 



n + l 



id n ' +2 (AV- n ) -^"^(Qt")) ^ H n+2 (AW- n ^ 



where a : V* — > W* is the graded homomorphism induced by a on the indecomposables and 
where «( n ) : (AV- n , d) — > (AW- n , 5) is the restriction of a. 



2.3. The groups C n+ , where n > 2. 

Definition 2.3. Given a 1-connected mcca (AV- n+1 , d). LetC n+1 be the subset of Aut(V n+1 ) x 
S(AV- n ,d) consisting of the couples (£ n+1 , [«(„)]) making the following diagram commutes: 



V 



n+l 



i-n+l 



yn+1 

b n+i 



(2) 



H n+2 (AV- n ) gn+2 ("(n)) H n+2 (AV^ r 



where Aut(V n+ ) zs i/je group of automorphisms of the vector space V 



n+l 



Equipped with the composition laws, the set C n+ becomes a subgroup of AutiV 



rn+1^ 



X 



£{AV^ n ,d). 

Proposition 2.1. There exists a surjective homomorphism $ n+1 : S(AV- n+1 , d) — > C n+1 gzi>en 
6y i/ie relation: 

$" +1 (N) = (5" +1 ,[a (n) ]) 

Remark 2.1. is well-known ([3\ proposition 12.8) that if two cochain morphisms a, a' : 
(AV- n+1 ,d) — >■ (Ay- n+1 ,9) are homotopic, then they induce the same graded linear maps on 
the indecompo sables, i.e., a = a', moreover a^ n ),a'^ are homotopic and by using the diagram 
(1) we deduce that the map $ n+1 is well-defined. 



Proof. Let (£ n+1 , [«(n)]) G C n+1 . Choose (w CT ) (Te s as a basis of V n+1 . Recall that, in the diagram 
(2), we have: 

H n+2 (a {n) )ob n+1 (v a ) = a {n) od(v a ) + lmd< n 

b n+l oC + \v a ) = doC +1 (v a )+lmd< n (2.3) 

where d< n : (AV- n ) n+1 ->• (AV- n ) n+2 . Note that here we have used the relation fT2~2]) . 

Since by definition 12.31 this diagram commutes, the element («( n ) o d — d o £ n+1 )(f CT ) G Imd< n . 

As a consequence there exists u a G (AV- n ) n+1 such that: 

(a (n) o d - d o = d< n (u a ). (2.4) 

Thus we define a : (Ay^ n+1 , 9) ->• (AV^ n+1 , <9) by setting: 

= £ n+1 ( W(T ) + « CT , v a G F n+1 and a = a {n) on l/- n . (2.5) 

As d(v a ) G (AV^ n ) n+2 then, by ([23]), we get: 

d o = d^™" 1 " 1 ^)) + d< n (u a ) = a (n) o d(v a ) = a o d(v a ) 

So a is a cochain morphism. Now due to the fact that u a G (Ay- n ) ra+1 , the linear map 

~n+l . yn+1 _^ yn+1 coinddes with £n+l_ 
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Finally it is well-known (see j3]) that any cochain morphism between two 1-connected mc- 
cas inducing a graded linear isomorphism on the indecomposables is a homotopy equivalence. 
Consequently a G £(AV- n+1 , d). Therefore $ n+1 is surjective. 
Finally the following relations: 

$ n+1 ([a}.[a'}) = M^feoay) = (a n+ \ [a (n) ]) o (a' n+ \ [a[ n) ]) = o 

assure that <l> n+1 is a homomorphism of groups □ 

Remark 2.2. Assume that (a {n) o d - d o ^ n + 1 )(V n+1 ) n d< n ((AV^ n ) n+1 ) = {0}, then the 
element u a G (AV- n ) n+1 , given in the formula \2.J$ , must be a cocycle. Therefore if there are 
no trivial coycles belong to (Ay- n ) n+1 , then the cochain isomorphism a defined in Ii2.5\) will 
satisfy a(v a ) = £ n+1 (v CT ) ; so it is unique. Hence, in this case, the map $ n+1 is an isomorphism. 

2.4. Main theorem. For every natural n6N, let us consider the following 1-connected mcca: 
AV = A(x 1 ,...,x n+2 , yi, y 2 ,y 3 ,w,z) with \x n+2 \ = 2 n+2 -2, \x k \ = 2 k for every 1 < k < n+1. 
The differential is as follows: 

d{xx) = ■■■ = d(x n+2 ) = , d(yi) = x 3 n+1 x n+2 , d(y 2 ) = x 2 n+l x 2 n+2 

3 — ^,28^,18^,18 „.18 



d(y 3 ) = x n+1 x n+2 , d(w) = x l x 2 x 



> 3 ... X n 
n+1 

r\/ \ 9 n _)_7 / Q 9 2 \ ^ ^ e 2'n-\-2—k n q 

d[z) = x Y + {ymx n+2 - y^x^x^ + y 2 y 3 x n+1 x n+2 ) + 2_^x k + x x x n + 2 

k=l 

So that: 

\ yi \ = 5.2 n+1 -3 , \y 2 \ = 6.2 n+1 -5 , \y 3 \ = 7.2 n+1 -7 , \w\ = 9.2 n+2 -17 , \z\ = 9.2 n+2 -l 
Theorem 2.1. S(AV,d) = © Z 2 . 

2»+l 

Thereafter we will need the following facts. 

Lemma 2.2. There are no cocycles (except 0) in (Al^-* -1 )* for i = 5.2 n+1 — 3, 6.2 n+1 — 5, 
7.2 n+1 - 7. 

Proof. First since the generators Xj-,1 < k < n + 2, have even degrees we deduce that 

^Yy<5.2™ +1 -4\5.2 n+1 -3 _ q 

Next the vector space (A]/- 6 - 2n+1 ~ 6 ) 6 - 2 " +1 ~ 5 has only two generators namely yixf"^ 1 , y\X\X 2 . . . x n 
and because of: 

O/ 2 n — 1\ 3 2 n + 1 — 1 r\/ \ 3 

< J{yix 1 ) = x n+1 a; n +22 ; i > o^yi^i^ ■ ■ ■ x n ) = x n+l x n j r2 xix 2 . . . x n 

we deduce that there are no cocycles (except 0) in (A\7- 6 ' 2n+1 ~ 6 ) 6 - 2n+i ~ 5 . 
Finally (Ay< 7 - 2 " +L8 )"" +1 - 7 is spanned by: 

2^+1—2 2 n — 1 2 2 2 2 n 1 

Ul x l ; 2/1^2 ) Vl X l X 2 ■ ■ ■ X n i y% X l i V2 X 1 X 2 ■ ■ ■ x n 

and since we have: 

a/ 2' I+1 -2\ _ 3 2 n+1 -2 a/ 2™— 1\ _ 3 2 n -l o/ 2 n -l\ _ 2 2 2 n -l 

0\yi x \ ) — x n J r i x n+2 x l i 0\y\X 2 ) — X n+ iX n j r2 X 2 , o{y 2 x 1 ) — X n+1 X n+2 Xi , 
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d(yi%l%2 • • • X n) — X n-\-\ X n-YlX\X 2 • • • X n ) d{l)2X\X2 ■ ■ ■ — X n+l X n+2 X l X 2 • • • x n 

we conclude that there are no cocycles (except 0) belonging to (AV r - 7 ' 2n+1_8 ) 7 ' 2n+1 ~ 7 . □ 
Lemma 2.3. Every cocycles in (AV^ 9 - 2n+2 ~ 2 ) 9 - 2n+2_1 is a coboundary. 

Proof. First an easy computation shows that (A\/^ 9 - 2n+2 ~ 2 ) 9 - 2n+2 ~ 1 is generated by the elements 
on the form: 



n+2 

y 1 x\ 1 xl\..x a n n +iX a n+2 where £ a,T - 2a n+2 = 13.2™+ 1 + 2 

i=l 

y 2 x b ^x^...x b n ^x b n ^ where £^2* - 26 n+2 = 12.2" +1 + 4 

i=l 
n+1 

y 3 xf £ 2 2 . . .x^i 1 x^_+ 2 where £ q 2 l - 2c„ +2 = 1 1 .2" +1 + 6 

x^X2 2 X3 3 ?/i?/2|/3 where ei + 2e 2 + 4e3 = 7 
wa;? 1 a^x*^ 4 where c?i + 2rf 2 + 4d 3 + 8d 4 = 8 



Since: 

d{x e 1 1 x e 2 2 xl z y 1 y 2 yz) = x^ 1 x 2 2 x e 3 3 (xl +1 x n+2 y 2 y 3 ~ x 2 nJrX x 2 nJr2 y x y 3 + Xn+ixl^Vm) 

flf,., T <iij2 T rf3 T <i4\ 28+di 18+d 2 ^18+^^,18+^4 „18 18 

c ^ u7 jy-j^ t/^ 2 4. / — <x/ 1/^ ^ 2 3 4. 5 * * * n 

we deduce that the elements which could be cocycles in (Al/- 9 ' 2 ^ 2 " 2 ) 9 ' 2 ™^ -1 are on the form: 

nn . ™«i™ a 2 a„+i a n+ 2 1 a 61 62 &n+i &n+2 , \ ci c 2 c„+i c n+ 2 
X 2 ...X n+1 X n+2 -r /J(/2^l ^2 ••• x n+l x n+2 "r A y3 x l x 2 ••• x n+l x n+2 

with the following relations: 

o,i = hi = Ci , 1 < z < n , a + /3 + \ = 

Cn+l = Q>n+l + 2 , C n+ 2 = O-n+2 — 2 , fo n+ i = O n +i + 1 , 6 n+ 2 = O n+2 — 1 

Accordingly the elements: 

,, lT «l T «2 «n+l On+2 _ a„+l+2 a„+2-2 

i/l x l x 2 ••• X n+1 x n+2 y3 x l ^2 ••• x n+l x n+2 

,,„ T H T »2 «n+i + l a "+2-l _ ai a 2 a n+ i+2 a„+2-2 

y2x 1 x 2 ...x n+1 ^ n+ 2 y3 Jj 1 x 2 ...x n+1 x n+2 

n+1 

with £a i 2 i + a„ +2 (2 n + 2 -2) = 13.2 n+1 + 2, span the space of cocycles in (AV- 9 - 2 ~ 2 ) 9 - 2 _1 . 
i=i 

Finally due to: 

f)(ii 11 T a i*r a 2 <»n+2-3\ _ m « 2 a n +l %+2 1 01 02 «n+i+2 an+2-2 

U \yiy3- L l x 2 •■•• L n+l x n+2 / ~~ </l x l x 2 •■" L n+l x n+2 "r y3 x l x 2 ••• x n+l x n+2 

11 T a l^r a 2 «n+l On+2-4\ _ Ol «2 a„ + i + l O n+2 -l , Oi a 2 dn+1+2 0„+2-2 

Oyy2V3 x l X 2 ■■■ X n+l X n+2 ) ~ Vl X \ X 2 — X n+1 X n+2 + 2/3^1 ^2 ••• X ri+1 X n+2 

we deduce that (Ay- 9 - 2 " +2 ~ 2 ) 9 - 2n+2_1 is generated by coboundaries and the lemma is proved. □ 
By the same manner we have: 
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Lemma 2.4. The sub-vector space of cocycles in (AV r - 9 - 2n+2 ~ 18 ) 9 ' 2 ™ +2 ~ 17 is generated by the 
elements on the form: 

x 2 •■• X n+1 x ra+2 i/3 A l x 2 x n+2 

7 «i r a 2 „<+l+l <+2-i _ ai a' 2 < +1 +2 < +2 -2 
y2^l ^2 ••• x n+l x n+2 i/3^1 x 2 ••• x n+l x rc+2 

n+2 n+2 

where ^a' i 2' 1 — 2a' n+2 = 13.2 n+1 — 14. Moreover each generator of (AV- 9,2 ™ - 18 ) 9 - 2 ™ ~ 17 % s a 

i=l 

coboundary. 

Remark 2.3. We have the following elementary facts: 

1) Any isomorphism (* : V i ->■ V\ where i = 2, . . . ,2 n+1 , 2™+ 2 - 2, 5.2" +1 - 3, 6.2 n+1 - 5, 
7.2 n+1 — 7, 9.2 n+2 — 17 and 9.2 n+2 — 1, is a multiplication with a nonzero rational number, so 
we write: 

fl z-4 r-2 n + 2 

S =Pl ) S =P2, , 4 = Pn+2 



t5.2™+ 1 -3 _ te^+i-S _ cT-2 n+1 -7 _ _ t9.2"+ 2 -17 _ t9.2"+ 2 -l _ 



2) As the generators: 

™3 ™ ~,2 2 3 28„18 18 ™18 ™9-2 ™9.2 ~,9 ™9~,9 

• v n+l Jy 'n+2 i U/ n+l u 'n+2 J J 'n+l J 'n+2 > x l Jy 2 x 3 ■ • • x n ! A l ! Jy 2 >■■■!> 5 ; • v l Jj n+2 

%T +7 (yiy2xl +2 - ymx n+1 x 2 n+2 + y 2 y^x 2 n+l x n+2 ) 
are not reached by the differential and by the definition of the linear maps b n we deduce that: 

b 5 - 2n+1 ~ 3 (yi) = x n+1 xl +2 b 9 - 2n+2 - 17 (w) = xfxl 8 xf...x^ 



b r2n 7 (y 3 ) = 4+1^+2 b 6 - 2 " 5 (y 2 ) = x 2 n+1 x 



n-'rl x n+2 



n+1 

o ' (z) = x 1 ^ {ymx n+2 - ymx n+1 x n+2 + y 2 y3x n+1 x n+2 ) + 2_^x k + x x x n + 2 

k=l 

3) Since the differential is nil on the generators x^, for every 1 < k < n + 2, any cochain 
isomorphism a^) '■ (AV- ,d) — > (AV- k ,d) can be written as follows: 

«( fc) (x fc )=p fc x fe + ^ ?miira2i ..., mfc _ i < 1 xr...CV (2.6) 

where: 

k-i 

E m « 2 ' = 2fc > Pk, Q mitma ,.. , mk _, e Q , p k ^ o 

i=l 



Now the last pages are devoted to the proof of theorem 12. 1[ 
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Proof. Let us begin by computing the group £(AV- 5 ' 2 ™ +1 ~ 3 , d). Indeed, by remark T2.2I and 
lemma [2T2l the homomorphism $ 5 - 2 ™ ~ 3 : S(AV- 5 ' 2n ~ 3 ,d) — > C 5 ' 2 " ~ 3 , given by propo- 
sition 12.11 is an isomorphism. So, by definition 12.31 we have to determine all the couples 

(£ 5 - 2 " +1 ~ 3 , [a (5 .2" + i-4)]) e Aut(V 5 - 2n+1 ~ 3 ) x £{KV^- 2n+1 ~\ d) such that: 

6 5.2" +1 - 3 Q ^5.2" +1 -3 = H 5 - 2n+1 - 2 (a {5 . 2n+ i. 4) ) o b 5 - 2n+1 ~ 3 (2.7) 

Indeed; since y< 5 2 ' 1+1 - 3 = y<2 n+2 -2 we d ec } uce that, on the generators x^, 1 < k < n + 2, the 
cochain morphism a(5. 2 "+i-4) is given by the relations (I2.6p . Therefore: 

X2 - Xn+l ) 

6 5.2« +1 -3 ^-3 (yi) = ^ x 3 + lXn+2 (2.8) 

hence we deduce that p v , = p 3 1 _ l _-\P n +2 and that all the numbers q and q . . . , 

l 3 2' ' n+1 

given in (12. 6p . should be nil. Thus we can say that the group S(AV- 5 ' 2n ~ 3 , d) is consisting of 
the classes [a^^+i-s)] such that the cochain isomorphisms a( 5 2 n+i-3) satisfy: 

«(5.2' l + 1 -4)(^n+l) = Pn+l^n+1 , «(5.2"+ 1 -4) (x n+2 ) = p n+2 X n+2 , «(5.2' l +!-4) (ill) = VyiV\ 

a( 5 .2«+i-3)(^) =PkX k + ^q mi ^..., mk _ i x™ 1 x 2 n2 ...x™^ 1 , l<k<n (2.9) 
with = pl +l p n+2 . 

Computation of the group 

This group can be computed from 8 (AV- 5 ' 2 ™ +1 ~ 3 , d) by using proposition 12.11 Indeed; by 
remark l2~2~l the homomorphism <J> 6 - 2 ™ +1 - 5 : S(AV- 6 ' 2n+1 ~ 5 , d) — > C 6 - 2 ™ +1 - 5 i s a l so an isomorphism. 
Recalling again that the group C 6,2 ' l+1 ~ 5 contains all the couples (£ 6 - 2n+1 - 5 5 [a( 6 2 «+i_6)]) such 
that: 

^ 6 - 2 " +1 - 4 (a (6 . 2 n +1 „ 6) ) o b 6 - 2n+1 - 5 = b e - 2n+1 ~ 5 o (2.10) 

Since a^^^-e) = (X(5.2 n + 1 -3) on y< 6 - 2 ™ +1 - 6 = V- 5 - 2 " +1 ~ 3 , then by using H2 .91) and the formula 
giving 6 6 ' 2,1+1-5 in remark [2731 we get: 

rj6.2 n+1 -4/ \ i,6.2 n+1 -4/ \ 2 2 2 2 

H (tt(6.2«+l-6)) O & (2/2) = P n+ iP n+2 ^„+l^„+2 

fe5 .2« +1 -3 ^ +1 -3 (y2) = (2.11) 

From the relation (I2.10p we deduce that p V2 = £> 2 + iP 2 +2 - Thus the group is 
consisting of all the classes [a( 6 . 2 n+i_ 5 )] such that the cochain isomorphisms a(6.2™+ 1 -5) satisfy: 

«(6.2"+i-5)(2/2) = Py 2 V2 , «(6.2™+i-5) = «(5.2™+i-3) , On V- 5 ' 2 "^' 3 (2.12) 

with p y2 = p 2 n+l p 2 n+2 . 
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Computation of the group 

First the same arguments show that £(AV- 7 ' 2n ~ 7 ,d) is isomorphic to the group 
all the couples (£ 7 ' 2 " ~ 7 , [a<(7. 2 «+i_8)]) such that: 

7 - 2 " +1 - 6 (a(7.2" +1 -8)) ° b 7 - 2n+1 ~ 7 = b r2n+1 - 7 o ?- 2n+1 ~ 7 (2.13) 
Next since a( 7 . 2 n+i_ 8 ) = &(6.2™+ 1 -5) on \z< 7 - 2 " +1 - 8 — y<6.2 n+1 -5 ^ we g^. 

7 2 n+i_ 6 , x 77.2™+ 1 -7/„ 1 \ _ ^3 _ ^3 

^" +1 - 7 or'- 7 = p,3^ + i^ +2 (2.i4) 

and from (12. 13[) we get the equation p yz = p n +\Pn+2- This implies that £(AV- 7 ' 2n+1 ~ 7 , d) is 
consisting of all the classes [a^, 2 n + 1 -7)] such that the cochain isomorphisms «( 7 . 2 n+i_ 7 ) satisfy: 

0(7.2^-1-7) (fa) = PysVs, > "(7.2"+i-7) = tt(6.2"+i-5) , On y< 6 - 2 " +1 - 5 (2.15) 

with p y3 = p n+l pl +2 . 

The group g(A^ 9 ' 2 " +2 ~ 17 ,d) 

Let us determine the group C 9 - 2 " +2 ~ 17 of all the couples (^ 9 - 2 ' I+2 - 17 ) [«( 9 2 n+2_ 16 )]) such that: 

F 9 ' 2 " +2 - 16 (a (9 . 2 „ +2 _ 18) ) o 6 9 - 2 " +2 - 17 = & 9-2" +2 -i7 £9.v+>-n (2 .i 6 ) 
Note that a( 92 n+2_ 18 ) = a( 72 n+i_ 7 ) on y<9-2 n+1 -is _ y<7.2 n+1 -7^ g Q we d e d uce that: 

9 2 n+2_ 16 , . ,9.2 n + 2 -l7/,„\ „28_28 TT /_ _ , _ _mi ma ™ m fc-i\ 

(0(9.2»+2-18)J ° (Wj = Pi jnPfeXfe + 2 - ,9m 1 ,m a ,...,m fc _ 1 a; l X 2 ■■■ x k-l ) 

k=2 

b 9 - 2n+2 - 17 oe- 2 " +2 - 17 (w) = p w xfx™xf...x™ (2.17) 

Now from the relation (I2.16P we deduce that p w = pf 8 pl 8 . . . p 18 and that all the numbers 
g mi , m2 ,., mw . given in (EZHJ), should be nil. 
Now by proposition |2J] we have: 

/^9.2™+ 2 -17\-l/£9.2"-+ 2 --17\ _ £^y<9.2 n+2 -17 d) 

so, by going back to the relation (I2.5p . we can say that if [a] G £(AV- 9 ^™ +2 ~ 17 , d), then: 

a(w) = p w w + a (2-18) 
where a G (Ay- 9 ' 2 " +2 ~ 18 ) 9 ' 2n+2_17 . A simple computation shows that: 

(aod-do f-2^n ){V 9.2^1 7) p, 2n+2 _ ig ( (AV ,<9.2" + 2 -18 )9 .2" + 2 -17) = {Q} 

Therefore by remark [2T2H the element a is a cocycle. But lemma I2TH asserts that any cocycle in 
(A^- 9 - 2n+2_18 ) 9 - 2 ' l+2 ~ 17 is a coboundary. 
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Thus summarizing our above analysis we infer that the cochain isomorphisms a satisfy: 

a(w) = p w w + d(a!) , where d(a') = a (2-19) 

t r<9 2™+ 1 — 1 8 

a = ct(7.2«+i-7) , on V- 

Finally by lemma 12.11 all these cochain isomorphisms form one homotopy class which we repre- 
sent by the cochain isomorphism denoted a^ 2 n + 2 -i7) an d satisfying: 

tt(9.2"+ 2 -i7)M = PwW , tt( 9 . 2 n+2_ 17) (x fc ) = p k x k , 1 < k < n (2.20) 

a(9.2»+2-17)(yi) = PyiVl , «(9.2«+2-17)(2/2) = Py 2 V2 , «(9.2»+2-17) (V's) = Py 3 V3 

with: 

P yi =pl +1 Pn+2 , Py 2 = Pl+lPl+2 » Py 3 = Pn+lP n+2 , Pw = pfpf ■ ■ ■ Pn ■ (2-21) 

Computation of the group 

C 9 ' 2 " +2_1 is the group of all the couples (£ 9 ' 2n+2_1 , [a(9.2"+ 2 -2)]) such that: 

H 9 - 2n+ \a {9 . 2n+ 2_ 2) ) o b 9 - 2 ^ 2 - 1 = b 9 - 2 ^ 2 - 1 o £9-2" +2 -i. (2.22) 

Due to the fact that a(g.2«+ 2 -2) = «(9.2' i + 2 -i7) on V- 9 ' 2 " +1 ~ 2 = y< 9 - 2n+1 - 17 ; we deduce that 
«( 9 2 n+i_2) satisfies the relations (I2.20p . Consequently: 

92 n+2_ 1 c g.2 n + 2 -lf \ „ ^2 n +7/,, „, ^3 „, „, „, ^2 | „, „, _2 



o ■ ° 4 ' («) = p z x l + {ymx n+2 - ymx n+1 x n+2 + y 2 y 3 x n+1 x n+2 ) 

n+l 

EG nn + 2-k q O 

PzX k -r p z x 1 x n+2 

k=l 

tt q o n +2 , v .q oi|2 1 / \ o 7 ^ -1—7 ^ fi q 77, -1-7 / 'i 2 2 

# ■ (a(9.2»+2_2)) («) = Pi Pn+iPn+2^1 {yW2X n+2 - yiy 3 x n +ix n+2 + y 2 ?/3a: n+ ia; n+ 2) 

n+l 

+ E^ 2 " +2 " fc ^ 2 " +2 " fc +*n +2 ^^ +2 ( 2 - 23 ) 



k=l 



Therefore from the formulas (12.221) and f!2.23j) we deduce the following equations: 

2 n +7 5 6 9.2 n+1 9.2 2 9.2 9 9 

Pz — Pi P n+ iP n+2 = P\ = ■ ■ ■ — P n — Pn+1 = PlPn+2- 

Again by proposition 12. II we have: 

($9.2»+»-l)-l( C 9.2»+a-l) = £( A y<9-2" +2 -l ;(9 ) 

so, by going back to the relation ( 12.51) . if [0\ G S (Ay- 9 - 2 ™ +2_1 , d), then f3(z) = p z z + c where, by 
using remark [221 the element c is a cocycle in ( i \\/< 9 - 2n+2 - 2 ) 9 - 2 ™ +2 - 1 By lemma l2~4l any cocycle 
is a coboundary. Thus the cochain morphism /3 satisfy: 

P(z) = p z z + d(c) , where d(c') = c (2.24) 

n t a<9 2 n + 2 — 2 

P — tt9.2"+ 2 -i7 , on V- 
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Due to lemma 12.11 all these cochain isomorphisms form one homotopy class which we represent 
by tt(9.2™+ 2 -i) an d satisfying: 

tt(9.2-+ 2 -l)(^) = PzZ, «(9.2"+ 2 -l)M = PwW , a(9.2"+ 2 -l)(£fc) = Pk%k , 1 < & < U + 2 
a(9.2«+2-l)(yi) = P ai yi, «(9.2«+2-l)(y2) = Py 2 V2, 0!(9.2»+a-l)(l/3) = Pj/ 3 2/3 

with the following equations: 

3 2 2 3 28 18 18 

Pyi = Pn+lPn+2 , Py 2 = P n +lP n +2 ) Py3 = Pn+lPn+2 ■> Pw = Pi P2 • ■ ■ P2 

2 n +7 5 fi Q 2 n+1 9 2 2 9 2 9 9 

Pz = P\ +7 Pn+lPn+2 = Pi =---=Pn = Pn+1 = PlPn+2 

which have the following solutions: 

Pn+2 = Py 2 =p w = l , Pz = P Vl = Py 3 = Pi = P2 = ■ ■ ■ = Pn = Pn+1 = ±1- 

So we distinguish two cases: 
First case: when p n+ \ = 1, then: 

Pn+2 = Py 2 = Pw = 1 , Pz = P Vx = Py 3 = Pn+1 = 1 , Pi = P2 = ' ' ' = Pn = ±1- 

so we find 2 n homotopy classes. 
Second case: when p n +i — — 1, then: 

Pn+2 = Pjfij = Piu = 1 , = Pyi = Pj/3 = = _1 3 Pi = P2 = • • " = Pn = ±1- 

and we also find 2 n homotopy classes. Hence, in total, we get 2 n_1 homotopy classes which are 
of order 2 (excepted the classs of the identity ) in the group 
In conclusion we conclude that: 

S(AV^- 2n+2 -\d) = Z 2 ©---©Z 2 

V v ' 

2 n + 1 . times 

Now by the fundamental theorems of rational homotopy theory due to Sullivan |3j we can find 
a 1-connected rational CW-complex X n such that £(X n ) S £{AV^ 9 - 2n+2 -\ d) = Z 2 ® • • ■ ®Z 2y . 

2™+!. times 

□ 

Remark 2.4. T7ie spaces X n are infinite- dimensional CW- complexes: rational homology is 
non-zero in infinitely many degrees and, as rational spaces, with infinitely many cells in each 
degree in which they have non-zero homology. 

We close this work by conjecturing that for a 1-connected rational CW-complex X, if the 
group is not trivial, then E(X) is either infinite or £(X) = Z 2 © ■ ■ ■ ©Z 2 for a certain natural 

2". times 

number n. 
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